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Abstract. The family of semiabelian p- groups is the minimal family that con- 
tains {1} and is closed under quotients and semidirect products with finite 
abelian p-groups. Kisilevsky and Sonn ([2]) have solved the minimal ramifi- 
. . . cation problem (over Q) for a family Qp of p-groups that is contained in the 

0^ I family of semiabelian p-groups. We show that Qp is exactly the family of semi- 

abelian groups and hence [2] provides a solution to the minimal ramification 
problem for all semiabelian p-groups. 
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^ ! 1. INTRODUCTION 

Our main interest in this paper is to study the family of finite semiabehan 
' groups from a purely group theoretical point of view. All groups in this paper will 

^ . be assumed to be finite, p will denote a fixed prime and V the family of p-groups. 

! As we shall see the family of semiabelian groups can be defined in several ways. 

One of these is the following: 



Definition 1.1. Denote by S the minimal family of groups that satisfies: 

(2) if A is an abelian group and H & S then any semidirect product A xi H is 



(N 
> 

^ ■ {3)iiG eS andH <G then G/H e S. 

A group in S is called a semiabelian group. 

^ . Similarly, define Sp by replacing each group in this definition by a p-group. We 

I shall call Sp the family of semiabelian p-groups. The name semiabelian p-groups 

O ■ -will be justified in the sequel by showing that the family Sp consists exactly from 

the p-groups in S. 

^ ', The family of semiabelian groups has appeared many times in problems from the 

^ I theory of fields. For example, in the contexts of geometric realizations over hilber- 

tian fields (see [3], [3]), generic extensions (see [S]) and the minimal ramification 
problem (see [2]). 

This paper is motivated by the minimal ramification problem for p-groups. Given 
a p-group G it is an open problem to find the minimal number of primes ramified 
in a G-extension of Q (see [3]). As a consequence of Minkowski's Theorem this 
number is greater or equal to d{G), the minimal number of generators of G. In p], 
Kisilevsky and Sonn proved this number is exactly d{G) for a family of p-groups 
denoted by Qp. In order to describe Qp let us first recall the notion of regular (or 
standard) wreath products. 

Definition 1.2. For two groups H, G we let H iG he a group that consists of pairs 
(/, g) where / is any map f : G ^ H and g E G. The multiplication is described 

1 



2 DANNY NEFTIN 

for any fi, f2 : G ^ H and gi, g2 G G, by: 

(/i,^i)(/2,^2) := (/1/2' ,^1^2)- 
where (g) = f2{ggi) for any g e G. 

The wreath product HlG can also be described as a semidirect product iJl*^' xiG, 
where G acts by permuting the \G\ copies of H. 
We can now give the definition of Qp-. 

Definition 1.3. Let Qp be the minimal family that satisfies: 

(1) any abelian p- group is in Qp, 

(2) if H,Ge Gp then HlGeGp, 

(3) if G e and G — F is an epimorphism with d{G) = d(T), then T G Qp. 

We shall call an epimorphism Gi —>■ G2 rank preserving if d{Gi) = d{G2)- Let 
us define several families that contain Qp-. 

Definition 1.4. Let S' be the minimal family of groups for which: 

(1) any finite abelian group A is in S', 

(2) ifG,H e S' then GlH eS', 

(3) if G G iS' and G F is an epimorphism, then F G S'. 

Similarly, let S'^ be defined by replacing each group in the definition of S' by a 
p-group. The family Qp is clearly contained in Sp. 

Remark 1.5. Note that (by Dentzer, [I]) the family S' is closed under direct prod- 
ucts. 

In [2], it is proved that Sp is exactly the family Sp. A similar proof, that appears 
in a preprint of [IJ, shows that S' = S. 

Theorem 1.6. (Dentzer, Kisilevsky-Sonn) S' = S, Sp = Sp. 

Let us show that the set of p-groups in S is exactly Sp. This follows from the 
following useful characterization of semiabelian groups: 

Theorem 1.7. (Dentzer, [T|) A group G is semiabelian if and only if G = AH for 
an abelian A < G and a proper semiabelian subgroup H of G. 

Note that in the decomposition of Theorem 11.71 we have \H\ \ \G\. As Sp is 
contained in the family of p-groups in S, a p-group G in Sp can be decomposed as 
G = AH for an abelian (p-group) A<iG and H a proper semiabelian (p-)subgroup 
of G. By iterating this process, we get: 

Corollary 1.8. A group G is in S {resp. Sp) if and only if there is a sequence 
{Hi)2=^ of groups in S {resp. Sp) for which: 

(1) Hi^i = AiHi for some normal abelian subgroup Ai < i/j+i and H^ a proper 
subgroup of H-i+i, 

(2) H, = {I], H^ = G. 

Such a sequence has the property | i = l,...,n — 1. Therefore if G is a 

p-group that appears in S then the sequence {Hi)2=i consists of p-groups and thus 
G is also in Sp. This proves: 
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Corollary 1.9. S nV = Sp. 

As the minimal ramification problem was solved for Qp ([2j) it is natural to ask 
how large is Qp and whether Qp equals the family of semiabelian p-groups. 

We shall show (Corollary 12. 11 1) this question has an affirmative answer. Further- 
more, in Corollary 12.141 we deduce: 

Theorem 1.10. Let G be a semiabelian p- group. Then there are abelian groups 
Ai, A2, .., Ar for which there is a rank preserving epimorphism Ai I ...A^) G. 

Theorem 1 in [2j therefore shows that for any semiabelian p-group G, there is a 
G-extension of Q with exactly d{G) ramified primes. 
We can summarize the above discussion by: 

Sf^v = Sp = S'^ = Qp, S = S'. 

Remark 1.11. Note that since S' is closed under direct products, all the above 
famihes are also closed under direct products. 

I would like to thank my advisor Prof. Jack Sonn for his valuable advice, for 
pointing out an error in the first draft of this paper and suggesting a way to correct 
it. 

2. A MINIMAL DECOMPOSITION 

Let G be a semiabelian p-group. We aim to decompose G into a product of 
an abelian normal subgroup and a semiabelian group which is smaller by size and 
rank (minimal number of generators). For this we shall use the following notions: 

Definition 2.1. Let G be a semiabelian group. A decomposition of G is an 
abelian normal subgroup A<\G and a semiabelian proper subgroup H of G so that 
G = AH. A minimal decomposition of G consists of 

(1) a minimal normal abelian subgroup A <] G for which there is a semiabelian 
proper subgroup H' of G satisfying G = AH', 

(2) a minimal subgroup H < G for which H is semiabelian and G = AH (for 
the same A given in (1)). 

Remark 2.2. Let A be an abelian p-group and let H act on A. We denote by [A, H] 
the group generated by the elements h{a)a~^, a ^ A,h & H. If A, H < G and 
the action of if on A agrees with the inner action in G then [A, H] is exactly the 
group generated by the commutators [a, h] for a ^ A, h E H. 

Denote by A the quotient group A/A^[A, H]. Denote by Am a minimal subgroup 
of A for which ^^[A, ifjAm = A. The abelian group Am can be constructed by 
choosing representatives in A that map to generators of A/ A^[A,H]. We have: 

d(A) = d{Am). 

Remark 2.3. Let G be a p-group. Let $(G) denote the Frattini subgroup of G. If 
G = AH is a decomposition of G then a direct calculation shows: 

(2.1) $(G) = G*'[G, G] = AP[A, H]HP[H, H] = A^IA, H]<!>{H). 

Lemma 2.4. Let G be a semiabelian p-group and G = AH a decomposition for 
which An H C ^(G), then: 

(2.2) G/<I)(G) ^ A/ {{A n H)AP[A, H]) x H/{{A n H)^H)). 
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Proof. First, note that Af] H is a normal subgroup of G. Thus, we can write: 

(2.3) G/<t>{G) ^ {G/A n H)/mG)/A n H). 

One has an isomorphism 

/ : AH/ A nH ^ {A/A f] H) yi {H/A f] H), 

which sends ah{A fl H) to {a{A fl H),h{A fl H)). By this description, / maps 
AP[A, H] into A/ A n H while Hp[H, H] is mapped into H/A n H. By Remark [131 
the restriction of / to ^{G) gives an isomorphism: 

/|$(G) : <^{G)/AnH {AP[A,H]{AnH)/AnH) x {HP[H, H]{An H)/An H). 

Therefore: 
(2.4) 

G/$(G) = /(G/An/7)//(<i>(G)/An/7) ^ A/((Anif)AP[Ai^])xi^/((^n//)$(i/)). 

Since the induced action of H on is trivial the latter is simply a direct 

product. □ 

Remark 2.5. The isomorphism 

7 : G/$(G) ^ A/((A n H)AP[A, H]) X i//((A n H)^H)) 

is defined explicitly by: J{ah^{G)) = {a{A n /7)Ap[A, H], h{A f] H)^{H)) for any 
a e A,h e H. 

Remark 2.6. If A n C Ap[A, H] n $(i/) then: 

(2.5) 7 : ^/^(G) ^ A/{{A n i7)AP[A i/]) x H/{{A n H)<^{H)) = Ax H/<^{H), 

where 7(a^$(G')) = (aAP[A, if], h^{H)), for any a G A, /i G ii". 

Proposition 2.7. Leii G be a semiabelian p- group with a minimal decomposition 
G = AH. Then: 

(2.6) Ann C AP[A,H]n(!>{H). 

Proof. By induction on \G\. Assume that for any semiabelian group Hi with |-?fi| < 
IGI and any minimal decomposition Hi = BH2, we have B (1 H2 ^ Bp[B,H2] fl 

First, let us show AnH C Ap[A, H]. Let tia : A ^ A/Ap[A, H] = A. Assume 
on the contrary there is an a G A fl if with non-trivial image a := 7Ta{0')- The 
group A is an abelian p-torsion group and hence can be viewed as an Fp-vector 
space. In order to treat A as a vector space it will more convenient to denote the 
multiplication in A by +. We can choose an Fp-subspace (or a subgroup) Bi C A 
so that A = (a) (B Bi. Let Ai = 7r^^((i?i)). Then Ai is a proper subgroup of 
A which is normal in G (since 7Ta{0'') = i^A{h~^a'h) for every a' G A, /i G H). 
We also have 71^(^1) + 7r^(v4 fl if) = A and therefore Ai{A n H)Ap[A,H] = A. 
But as Ai ^ y4^[A, if] this simply means Ai{A fl H) = A and therefore AiH = 
Ai{A n H)H = AH = G. This is a contradiction to the minimality of A. 

Let us show AnH C Hp[H, H]. Let tih : H ^ H/Hp[H, H], and assume on the 
contrary there is an a G Aflif for which a = tth{o) is non-trivial. Let Hi = H and 
ifj = y4j_|_iifj+i, i = 1, 2, /c, be a sequence of minimal decompositions so that H^ 
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is the first for wliicli a ^ nniffk)- By tlie induction liypotliesis and Remark [2?6] we 
liave: 

(2.7) H/HP[H, H] = A^/AllA,, H^] x H^/Hl[H^, H^] = ... = 

^ A2/Al[A2,H2] X A^/Al[A^,H;] x ... x Ak/Al[Ar,,Hu] x Hk/Hl[Hk,Hk]. 
We fiave obtained an isomorpliism: 

k 

(2.8) ijj : H/<!>{H) ^ J] A./Af [A„ if,] x Hk/^{Hk). 

i=2 

Let us describe ifj explicitly. As 

H = A2H2 = A2A3H, = ... = ■ ■ ■ AkH,, 

every element x E H can be written as a2...akhk for a, G Ai, hk G iffc, i = 2, fc. 
Then sends an element x^{H) = a2...akh^{H) to 

iP{x<^iH)) = {a2Al[A2,H2],...,a,Al[Ak,H,],h<^iHk)) 

for any a, G A,, /i G iife, i = 2, fc. 

Since a G 7r//(_f/'fe_i) \ 7r//(iifc), the element V'(o) is in 

^(7r;^(iifc-i)) = AfcMf[Afc,fifc] X Hk/Hl[Hk,Hk] 

but not in ipij^u^Hk)) = Hk/ HUH^, Hk]. Let p be the projection: 

p : X HklHl[Hk,Hk] ^ iJ^] 

and TTfc the projection vr^ : Aj. Afc/y4^[Afc, if^]. The following diagram is com- 
mutative: 

AkHk^{H)/^{H) Ak 

Ak/Al[Ak, Hk] X HklHl[Hk, Hk] AklAl[Ak, Hk]. 

Let ^(-0(0)), xi, ..,Xr be a basis of Ak/A^Ak, Hk] and let A'/^ = 7r^^((a;i, Xr)). 
Then A'^ is a proper subgroup of Ak which is normal in Hk-i- 
Write a = 0203. ..0^/1 for G Ai and h G Hk, i = 2, /i;. 
The explicit description for ip (given in Equation 12.81) . gives: 

il;{ak^{H)) = akAl[Ak,Hk] = nkiak) =p{ilj{a)). 

Now, since: 

TTkiiak)) + TikiA'k) = pii^iia))) + TVkiA'k) = Ak/Al[Ak, Hk], 
and as A'k ^ ^^[^A:, Hk], we have {ak)A'k = Ak. 

Remark 2.8. Note that: = ak\...a2^CLh~^ G Ak-i...A2AHk = AA2...Ak-iHk. 

Let Uk~-i = A'l^Hk, it is a semiabelian subgroup of Hk^i. As Aj, is a proper 
subgroup of Ak and was assumed to be minimal we deduce Uk-i is a proper 
subgroup of Hk-i. Iteratively, define a semiabelian subgroup Ui = Ai^iUi+i of Hi 
for i = 1, .., k — 2. The decompositions iifc = are minimal and hence each 

Ui is a proper subgroup of Hi for i = I, k — 1. 
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We now claim that AUi = G. Indeed, 

AUi = AA2...Ak^,A',,Hk = AA2...Ak^iHkA'f,Hk = 

which by Remark 12.81 contains: 

D AA2...Ak-i{ak)A'kHk = Ai...AkHk = G. 

This is a contradiction to the minimahty of Hi = H. □ 

Combining Remark 12.61 and Proposition 12.71 we have: 

Theorem 2.9. Let G = AH be a minimal decomposition of a non-trivial semia- 
belian p-group G. Then d{G) = d{A) + d{H). In particular, d{H) < d{G). 

Corollary 2.10. Let G be a semiabelian group with a minimal decomposition G = 
AH. Then the epimorphism ip : A xi H ^ G that sends (a, h) to '?/'(a, h) = ah is 
rank preserving. 

Proof. Let E = A >4 H and A' = A yi 1, H' = 1 yi H < E. Then 

A'nH' = {e} C A'P[A', H'] n <^{H') 
and hence by Remark 12.61 and Theorem 12. 9t 

d{E) = diA) + d{H') = d(A) + d{H) = d{G). 

□ 

Corollary 2.11. Qp = Sp. 

Proof. Clearly Qp C Sp] let us prove that equality holds. Assume on the contrary 
Sp\Qp 7^ 0. Let r be the minimal rank of a group that is in Sp \ Qp and G E Sp\Qp 
be of rank r. Let G = AH be a minimal decomposition of G. Since r is minimal, 
H e Qp. Consider the wreath product W = Am I H E Qp (the notation Am is as 
in Remark [221). Fii'st, note that d{W) = d{Am) + d{H) = d(A) + d{H) = d{G). 
Therefore it suffices to construct an epimorphism (p : W ^ G (the epimorphism will 
necessarily be rank preserving) as in such case we deduce G G Qp, contradiction. 
For every f : H ^ Am and h E H define: 

<p{f,h) = {iifmh. 

It is indeed a homomorphism since for every fi,f2'-H—>- Am and hi,h2 € H: 



0((/l/il)(/2M) =0((/l/?",/^lM) = iU f^^^y f2^\ty)hlh2 = 

(H fiityf2{thy)hh2 = ill /i(t)*)(n fiithiy)hh2 = 

setting s = thi in the second product we have: 

= (H /i w*)(n hi^r''')hih2 = (H hity)hi{i[ fi{sr)h2 = ^(/i, hMf2, h2). 

It is left to notice that is an epimorphism since both Am and H are in its image 
and Am,H generate G. □ 

Theorem 12.91 implies several corollaries on the structure of semiabelian groups. 
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Corollary 2.12. LetG be a semiabelian p- group. Then there are ahelian subgroups 
y4i,...,Ar, a group of the form G' = Ai y\ {A2 x {...Ar)) and a rank preserving 
epimorphism tt : G" — > G. 

Proof. By induction on d{G). The statement is trivial for d{G) = 1. Let G = AH 
be a minimal decomposition. By Corollary l2.10[ the map tti : AxiH ^ AH = G is 
rank preserving. Let A2, .., Arhe abelian groups for which there is a rank preserving 
epimorphism 112 : Hi = A2 x {A3 x ...) ^ H. Thus, Hi acts on A via 7T2 and we 
can form Gi = A yi Hi with respect to this action. Then by Remark 12.61 

diGi) = diGimGi)) = d{A/AP[A,Hi])+diHimHi)). 

But Hi acts on A just as H does and hence [A, Hi] = [A, H]. Using d{Hi) = d{H) 
we deduce: 

d{Gi) = d{A/AP[A, Hi]) + d{Hi) = d{A/AP[A, H]) + d{H) = d{AH) = d{G). 

Therefore the map tti o [id, 7:2) : A xi Hi G is the required rank preserving 
epimorphism. □ 

Corollary 2.13. Let G be a semiabelian p-group. Then there is a sequence of 
semiabelian subgroups {e} < Hi < H2 < ... < Hr = G for which d{Hi) = i. 

Proof. Let G = AH be a minimal decomposition. Then d{G) = d{A) + d{H). 
If a = d{A) = 1 we are done. Let {xi,...,Xa) be a basis for A/Ap[A, H] and 
TT : A — > A/AP[A, H] the projection. The groups Ai = n'^^xi), A2 = '7i~^{x2, Xa) 
are normal subgroups of G. One has A1A2H = G. But as H is semiabelian, 
H' = A2H is also semiabelian. We claim H' has rank r — 1. Indeed, it can be 
generated by r — 1 elements (the generators of H and lifts of X2, .., Xa)- Assume on 
the contrary d{H') < r — 1. Then 

r = d{G) < d{H') + d{Ai/Al[Ai, H']) = d{H') + d{Ai/Al[Ai, H]) <r-l + l=r, 

contradiction. Thus, G = AiH' for some semiabelian subgroup H' < G with 
d{H') = d{G) — 1. Applying this reduction repeatedly we get a sequence {e} < 
Hi<H2< ... < Hr^i = H' <Hr = G for which d{Hi) = i. □ 

Corollary 2.14. Let G be a semiabelian p-group. Then there is a collection of 
abelian groups Ai, A2, ...,Ak with Yl'i=i d{Ai) = d{G), for which G is an epimorphic 
image of G' = Ai I {A2 I ...{A^^i I Ak)...). 

As d{G') = X]i=i d{Ai) we deduce that the epimorphism G' ^ G is rank pre- 
serving. To prove this, we shall make use of the following Lemma which is due to 
Sonn and the author: 

Lemma 2.15. Let A be an abelian group and let ip : G ^ H be an epimorphism 
of finite groups. Then there is an epimorphism ip: AlG^AlH that is defined 
by: i^{f,g) = with i){f){h) = Ylk€^-^h) /(^) /^^ e^e^?/ he H. 

Proof. Let us check that 

mu9i)if2, 92)) = ^(/i, 9imf2, 92) = mi), ^(^?i))(^(/2), H92)) 

for every gi,g2 G G and fi, f2 : G A. One has: 

^((/i,^i)(/2,^2)) = Hfiff\9i92) = miff),i^{9im92)). 
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Note that for two maps u,v : G ^ A we have ip{uv){y) = Yixe4>-^(y)'^'"(-'^) ~ 
rixev-Hs/) n^GV-ife) = i^iu){y)iij{v){y). Thus, 

and it is left to show ^(/a^'V^^'^ = ^(/2)- By definition: 
But as 

V'"^(l/V'(^r^)) = {x\^{x) = #(^r^)} = {xltpixgi) = y} = 
= {x'g^'\^{x')=y}=ij-\y)g^\ 

we have: 

n ffi^)= n /2(^^?i)= n M^9i)=^{f2){y). 

□ 

Proof. (Corollary 12.141) Let us prove the assertion by induction on r = d{G). The 
case r = 1 is trivial. Let G = AH be a minimal decomposition. As in Corollary 
12.111 there is an epimorphism 0i : Am I H ^ G. Since d{H) < d{G), there are 
abelian groups A2, ...,Ak with Yli=2 ^i^i) = d{H) = r—d{Am) and an epimorphism 
ip : H' = A2l{A3l. . .{Ak-ilAk) . . .) H . By Lemma [2. 151 ip induces an epimorphism 
02 : Am I H' Am I H. The composition 0i o 02 : Am I H' ^ G gives the desired 
epimorphism as r = d{Am) + d{H) = d{A) + Yl'i=2 di^Ai). □ 
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